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M-IDEAL PROPERTIES IN ORLICZ-LORENTZ SPACES
ANNA KAMIN´SKA, HAN JU LEE, AND HYUNG-JOON TAG
Abstract. We provide explicit formulas for the norm of bounded linear functionals on Orlicz-Lorentz
function spaces Λϕ,w equipped with two standard Luxemburg and Orlicz norms. Any bounded linear
functional is a sum of regular and singular functionals, and we show that the norm of a singular
functional is the same regardless of the norm in the space, while the formulas of the norm of general
functionals are different for the Luxemburg and Orlicz norm. The relationship between equivalent
definitions of the modular Pϕ,w generating the dual space to Orlicz-Lorentz space is discussed in
order to compute the norm of a bounded linear functional on Λϕ,w equipped with Orlicz norm. As a
consequence, we show that the order-continuous subspace of Orlicz-Lorentz space equipped with the
Luxemburg norm is an M -ideal in Λϕ,w, while this is not true for the space with the Orlicz norm
when ϕ is an Orlicz N-function not satisfying the appropriate ∆2 condition. The analogous results on
Orlicz-Lorentz sequence spaces are given.
1. Introduction
A closed subspace Y of a Banach space X is an M -ideal of X if Y ⊥ is the range of the bounded
projection P : X∗ → X∗ which satisfies
‖x∗‖ = ‖Px∗‖+ ‖x∗ − Px∗‖ for all x∗ ∈ X∗.
If Y is an M -ideal in X, then each y∗ ∈ Y ∗ has a unique norm-preserving extension to x∗ ∈ X∗[8].
It is well known that c0 is an M -ideal in l
∞. The M -ideal properties in Marcinkiewicz spaces have
been studied in [10]. It was shown there that the subspace of order-continuous elements in L1 + L∞
equipped with the standard norm is not an M -ideal, while there exists an equivalent norm such that
this subspace is an M -ideal. For Orlicz spaces Lϕ it is well known that the order-continuous subspace
of Lϕ is an M -ideal if the space is equipped with the Luxemburg norm [1, 15], while this is not true
if the space is equipped with the Orlicz norm and if ϕ does not satisfy the appropriate ∆2 conditions
[5]. For more details of general M -ideal theory and their applications, we refer to [8].
In this article, we investigate Orlicz-Lorentz function and sequence spaces. While we obtain anal-
ogous results as in Orlicz spaces, the techniques are different and the calculations are more involved
since there is necessity to deal with decreasing rearrangements and level functions, and the Ko¨the
associate spaces to Orlicz-Lorentz spaces are not of the same sort as in the case of Orlicz spaces. The
exact isometric dual norm for regular functionals in Orlicz-Lorentz spaces has been recently found in
[11] and it is expressed in terms of the Hardy-Littlewood order and the level functions. This paper
completes the topic of characterization of the dual spaces by providing exact formulas of dual norms
to Orlicz-Lorentz spaces equipped with two standard Luxemburg and Orlicz norms.
Denote by L0 = L0(I) the set of all Lebesgue measurable functions f : I = [0, γ) → R, where
0 < γ ≤ ∞. If I = N then ℓ0 = L0(N) denotes the collection of all real valued sequences x = (x(i)).
The interval I = [0, γ) is equipped with the Lebesgue measure m, and the space ℓ0 = L0(N) with
the counting measure | · |. A Banach space (X, ‖ · ‖) over I is said to be a Banach function lattice if
X ⊂ L0(I) and whenever 0 ≤ x ≤ y, x ∈ L0(I), y ∈ X, then x ∈ X and 0 ≤ ‖x‖ ≤ ‖y‖. If I = [0, γ)
then X is called a Banach function space, while if I = N then X is called a Banach sequence space.
We say that a Banach function lattice (X, ‖ · ‖) has the Fatou property provided that for every
sequence (xn) ⊂ X, if xn ↑ x a.e. for x ∈ L
0 and supn ‖xn‖ < ∞, then x ∈ X and ‖xn‖ ↑ ‖x‖. An
element x ∈ X is order-continuous if for any 0 ≤ xn ≤ |x|, if xn ↓ 0 a.e., then ‖xn‖ ↓ 0. The set of
Date: October 1, 2018.
2010 Mathematics Subject Classification. 46B20, 46E30, 47B38.
Key words and phrases. M -ideals, Orlicz-Lorentz spaces, dual norm.
1
2 ANNA KAMIN´SKA, HAN JU LEE, AND HYUNG-JOON TAG
all order-continuous elements in X is a closed subspace of X and is denoted by Xa. We also define a
subspace Xb which is the closure of the set of all simple functions with supports of finite measure. In
general, Xa ⊂ Xb [3].
The Ko¨the associate space of X, denoted by X ′, is a subset of L0(I), where I = [0, γ), 0 < γ ≤ ∞,
or I = N consisting of all y ∈ X ′ satisfying ‖y‖X′ = sup{
∫
I |xy| : ‖x‖X ≤ 1} < ∞. The space X
′
equipped with the norm ‖ · ‖X′ is a Banach function lattice. It is well known that X has the Fatou
property if and only if X = X ′′ [19].
We say that a bounded linear functional H ∈ X∗ is regular if there exists h ∈ X ′ such that
H(x) =
∫
I hx for all x ∈ X. The set of all regular linear functionals from X
∗ will be denoted by X∗r .
In the case where Xa = Xb and X has the Fatou property, we have that (Xa)
∗ is isometric to X ′,
and so X∗ = (Xa)
∗ ⊕ (Xa)
⊥ is isometric to X ′ ⊕ (Xa)
⊥. The set (Xa)
⊥ is called the space of singular
functionals and it coincides with those S ∈ X∗ for which S(x) = 0 for all x ∈ Xa. It follows that any
F ∈ X∗ is represented uniquely as the sum H + S where H is a regular functional and S a singular
functional [19].
A distribution function dx of x ∈ X is defined by dx(λ) = µ{t ∈ I : |x(t)| > λ}, λ > 0, where
µ = m is the Lebesgue measure on I = [0, γ), 0 < γ ≤ ∞ and the counting measure on I = N. The
decreasing rearrangement of x, denoted by x∗, is given as x∗(t) = inf{λ > 0 : dx(λ) ≤ t}, t ∈ [0, γ).
For a sequence x = (x(i)), its decreasing rearrangement x∗ may be identified with the sequence (x∗(i))
such that x∗(i) = inf{λ > 0 : dx(λ) < i} for i ∈ N. The functions x, y are said to be equimeasurable if
dx(λ) = dy(λ) for all λ > 0, denoted by x ∼ y. It is clear that x and x
∗ are equimeasurable. A Banach
function lattice (X, ‖ · ‖) is called a rearrangement invariant Banach space if x ∈ X and y ∈ L0 with
x ∼ y, we have y ∈ X and ‖x‖ = ‖y‖.
An Orlicz function ϕ : R+ → R+ is a convex function such that ϕ(0) = 0 and ϕ(t) > 0 for
t > 0. It is said to be an Orlicz N -function when limt→0 ϕ(t)/t = 0 and limt→∞ ϕ(t)/t = ∞ [4]. The
complementary function of ϕ, denoted by ϕ∗, is defined as ϕ∗(v) = sup{uv−ϕ(u) : u ≥ 0}, v ≥ 0. We
have that ϕ is N -function if and only if ϕ∗ is N -function. Let p and q stand for the right derivatives
of ϕ and ϕ∗, respectively. The functions p and q are non-negative, right-continuous and increasing on
R+. If ϕ is N -function then p(0) = p(0+) = q(0) = q(0+) = 0 and limt→∞ p(t) = limt→∞ q(t) = ∞.
Clearly for ϕ and ϕ∗, Young’s inequality is satisfied, that is, uv ≤ ϕ(u) + ϕ∗(v) for all u, v ∈ R+.
Recall also that the equality holds for v = p(u) or u = q(v) [4].
Let w : I = [0, γ)→ (0,∞) be a weight function that is decreasing and locally integrable. Then we
define W (t) :=
∫ t
0 w < ∞ for all t ∈ I. If γ = ∞, we assume W (∞) = ∞. Given f ∈ L
0, define the
modular
ρϕ,w(f) =
∫ γ
0
ϕ(f∗(t))w(t)dt =
∫
I
ϕ(f∗)w.
The modular ρϕ,w is orthogonally subadditive, that is, for f, g ∈ L
0, if |f | ∧ |g| = 0, we have ρϕ,w(f +
g) ≤ ρϕ,w(f) + ρϕ,w(g) [9]. The Orlicz-Lorentz function space Λϕ,w is the set of all f ∈ L
0 such that
ρϕ,w(λf) <∞ for some λ > 0. It is equipped with either the Luxemburg norm
‖f‖ = ‖f‖Λϕ,w = inf{ǫ > 0 : ρϕ,w (f/ǫ) ≤ 1},
or the Orlicz norm
‖f‖0 = ‖f‖0Λϕ,w = sup
{∫
I
f∗g∗w : ρϕ∗,w(g) ≤ 1
}
.
It is well known that ‖x‖ ≤ ‖x‖0 ≤ 2‖x‖ [16, 18]. From now on, we let Λϕ,w be the Orlicz-Lorentz
function space equipped with the Luxemburg norm ‖·‖ and Λ0ϕ,w be the Orlicz-Lorentz function space
equipped with the Orlicz norm ‖ · ‖0. The spaces Λϕ,w and Λ
0
ϕ,w are rearrangement invariant Banach
spaces. Also, it is well known that (Λϕ,w)a = (Λϕ,w)b = {x ∈ Λϕ,w : ρϕ,w(λx) <∞ for all λ > 0} [9].
In the case of sequence spaces let w = (w(i)) be a positive decreasing real sequence and W (n) =∑n
i=1 w(i) for all n ∈ N and W (∞) = ∞. For a sequence x ∈ ℓ
0, we define the modular αϕ,w(x) =∑∞
i=1 ϕ(x
∗(i))w(i) and then the Orlicz-Lorentz sequence space λϕ,w is the set of all real sequences
x = (x(i)) satisfying αϕ,w(ηx) <∞ for some η > 0. The Luxemburg and the Orlicz norm on λϕ,w are
defined similarly as in the function case where the modular ρϕ,w is replaced by αϕ,w, and λϕ,w denotes
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the Orlicz-Lorentz sequence space equipped with the Luxemburg norm, and λ0ϕ,w with the Orlicz norm.
The both norms are equivalent and the spaces are rearrangement invariant Banach spaces. We also
have (λϕ,w)a = (λϕ,w)b = {x ∈ λϕ,w : αϕ,w(ηx) <∞ for all η > 0} [13].
An Orlicz function ϕ satisfies ∆2 (resp., ∆
∞
2 ; ∆
0
2) condition if there exist K > 0 (resp., K > 0 and
u0 ≥ 0; K > 0 and u0 > 0) such that ϕ(2u) ≤ Kϕ(u) for all u ≥ 0 (resp., u ≥ u0; 0 < u ≤ u0).
Appropriate ∆2 condition means ∆2 and ∆
∞
2 in the case of the function spaces for γ =∞ and γ <∞,
respectively, and ∆02 for the sequence spaces. It is well known that (Λ
0
ϕ,w)a = Λ
0
ϕ,w and (λ
0
ϕ,w)a = λ
0
ϕ,w
if and only if ϕ satisfies the appropriate ∆2 conditions [9].
If f ∈ Λϕ,w then for some λ0 > 0, ρϕ,w(λ0f) < ∞, and so for any λ > 0, ∞ > ρϕ,w(λ0f) ≥
ϕ(λ0λ)
∫m{f∗>λ}
0 w. It follows from W (∞) = ∞ that df (λ) = m{f
∗ > λ} < ∞ for every λ > 0. The
similar fact holds for x ∈ λϕ,w by λϕ,w ⊂ c0.
Let us define k∗ = k∗(f) = inf{k > 0 : ρϕ∗,w(p(kf)) ≥ 1} and k
∗∗ = k∗∗(f) = sup{k > 0 :
ρϕ∗,w(p(kf)) ≤ 1}. Clearly 0 ≤ k
∗ ≤ k∗∗ ≤ ∞. If ϕ is N -function then k∗∗ < ∞. Indeed if
for a contrary k∗∗ = ∞, then there exists a non-negative sequence (kn) such that kn ↑ ∞ and∫
I ϕ∗(p(knf)
∗)w ≤ 1. Hence for t0 = m{f
∗ > 1} <∞,
ϕ∗(p(kn))W (t0) =
∫ t0
0
ϕ∗(p(kn))w =
∫ m{f∗>1}
0
ϕ∗(p(kn))w ≤
∫
I
ϕ∗(p(knf
∗)w ≤ 1.
This implies that ϕ∗(p(kn))/p(kn) ≤ 1/W (t0)p(kn), where the left side tends to ∞ since ϕ∗ is N -
function, and the right side approaches 0 since p(kn)→∞. This contradiction proves the claim. We
define k∗ and k∗∗ analogously for Orlicz-Lorentz sequence spaces. Set K(f) = [k∗, k∗∗] if f ∈ Λϕ,w,
and similarly K(x) for x ∈ λϕ,w.
Recall the following facts which are similar in Orlicz spaces [4].
Theorem 1.1 ([16], pg 133). Let ϕ be an Orlicz N-function. Then,
(1) If there exists k > 0 such that ρϕ∗,w(p(kf)) = 1, then ‖f‖
0 =
∫ γ
0 f
∗p(kf∗) = 1k (1 + ρϕ,w(kf)).
(2) For any f ∈ Λ0ϕ,w, ‖f‖
0 = infk>0
1
k (1 + ρϕ,w(kf)).
(3) k ∈ K(f) if and only if ‖f‖0 = 1k (1 + ρϕ,w(kf)).
The analogous statements occur in Orlicz-Lorentz sequence space when the modular ρϕ,w is replaced
by the modular αϕ,w.
This article has three parts. In section 2, we compute the norm of a singular linear functional
S on Orlicz-Lorentz spaces. We show that ‖S‖ is the same for both the Luxemburg norm and the
Orlicz norm. In section 3, we compute the norm of a bounded linear functional on Λϕ,w and Λ
0
ϕ,w.
The formulas differ dependently on the norm of the space. Furthermore, we show that (Λϕ,w)a is an
M -ideal of Λϕ,w, but (Λ
0
ϕ,w)a is not an M -ideal of Λ
0
ϕ,w when ϕ is an Orlicz N -function and does not
satisfy the appropriate ∆2 condition. The analogous results for the sequence spaces are also given.
2. Singular linear functionals on Orlicz-Lorentz spaces
In this section, we show that the formula for ‖S‖ is the same regardless of Luxemburg or Orlicz
norm on Orlicz-Lorentz function or sequence spaces. Letting f ∈ L0, define θ = θ(f) = inf{λ > 0 :
ρϕ,w(f/λ) < ∞}. It is clear that θ(f) < ∞ for any f ∈ Λϕ,w. If f ∈ (Λϕ,w)a, then ρϕ,w
(
f
λ
)
<∞ for
all λ > 0, so we see that θ(f) = 0. Clearly, θ(f) ≤ ‖f‖. The analogous definitions and facts also hold
for Orlicz-Lorentz sequence spaces.
Even though the next two results and their proofs in Orlicz-Lorentz spaces are similar to those in
Orlicz spaces [4], we state and prove them in detail because they require slightly different techniques,
mostly dealing with decreasing rearrangements.
Theorem 2.1. For any f ∈ Λϕ,w, limn ‖f − fn‖ = limn ‖f − fn‖
0 = θ(f), for fn = fχ{ 1
n
≤|f |≤n}. For
any x = (x(i)) ∈ λϕ,w, limn ‖x− xn‖ = limn ‖x− xn‖
0 = θ(x) for xn = xχ{1,2,...,n}.
Proof. Let first f ∈ (Λϕ,w)a. Then, clearly θ(f) = 0. Moreover, in view of df (λ) < ∞ for all λ > 0,
the functions fn = fχ{ 1
n
≤|f |≤n} are bounded with supports of finite measure, and fn → f a.e. and
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|fn| ≤ |f |. Since (Λϕ,w)a = (Λϕ,w)b, from Proposition 1.3.6 in [3], we have that ‖f − fn‖ → 0.
Moreover, by the equivalence of ‖ · ‖ and ‖ · ‖0, we also get ‖f − fn‖
0 → 0.
Now, consider f ∈ Λϕ,w \ (Λϕ,w)a and fn as above. In this case, we have θ(f) > 0. Since df (λ) <∞
for all λ > 0, and |f − fn| ↓ 0 a.e., we have (f − fn)
∗ → 0 ([14], pg 68). Hence ‖f − fn‖ and ‖f − fn‖
0
are monotonically decreasing, and so the limits for both ‖f − fn‖ and ‖f − fn‖
0 exist.
Letting ǫ ∈ (0, θ) we have ρϕ,w
(
f
θ−ǫ
)
= ∞. By the orthogonal subadditivity of ρϕ,w, we have
∞ = ρϕ,w
(
f
θ−ǫ
)
≤ ρϕ,w
(
fn
θ−ǫ
)
+ ρϕ,w
(
f−fn
θ−ǫ
)
. Clearly, the functions fn are bounded with supports
of finite measure. This implies that ρϕ,w
(
fn
θ−ǫ
)
<∞. Hence, we have ‖f − fn‖ ≥ θ − ǫ from the fact
that ρϕ,w
(
f−fn
θ−ǫ
)
=∞.
On the other hand for ǫ > 0, we have ρϕ,w
(
f
θ+ǫ
)
< ∞ by the definition of θ(f). Consequently,
since (f−fn)
∗ → 0, we get limn→∞ ρϕ,w
(
f−fn
θ+ǫ
)
= 0 by the Lebesgue dominated convergence theorem.
Hence, in view of Theorem 1.1.(2), we see that
‖f − fn‖
0 ≤ (θ + ǫ)
(
1 + ρϕ,w
(
f − fn
θ + ǫ
))
→ (θ + ǫ),
as n→∞. Since ‖f‖ ≤ ‖f‖0, we finally get
θ − ǫ ≤ ‖f − fn‖ ≤ ‖f − fn‖
0 ≤ θ + ǫ
for sufficiently large n and arbitrary ǫ > 0, and the proof is complete in the function case. The proof
in the sequence case is similar, so we skip it. 
Now, we compute the norm of a singular functional S on Orlicz-Lorentz function spaces.
Theorem 2.2. For any singular functional S of Λϕ,w equipped with the Luxemburg norm or the Orlicz
norm, ‖S‖ = ‖S‖(Λϕ,w)∗ = ‖S‖(Λ0ϕ,w)∗ = sup{S(f) : ρϕ,w(f) <∞} = sup{
S(f)
θ(f) : f ∈ Λϕ,w \ (Λϕ,w)a}.
The analogous formulas hold for Orlicz-Lorentz sequence spaces.
Proof. Here we also provide the proof only in the function spaces. For a function f ∈ Λϕ,w \ (Λϕ,w)a,
take again fn = fχ{ 1
n
≤|f |≤n}. From the fact that fn ∈ (Λ
0
ϕ,w)a we have S(f) = S(f − fn) and
S(f) ≤ ‖S‖(Λ0ϕ,w)∗‖f − fn‖
0. By Theorem 2.1, ‖f − fn‖
0 → θ(f), and so we obtain S(f)θ(f) ≤ ‖S‖(Λ0ϕ,w)∗ .
If ρϕ,w(f) < ∞ then ρϕ,w(f − fn) → 0. Thus for sufficiently large n, ρϕ,w(f − fn) ≤ 1, and
so ‖f − fn‖ ≤ 1. Hence by Theorem 2.1, θ(f) = limn→∞ ‖f − fn‖ ≤ 1. Since S(f) = 0 for
all f ∈ (Λϕ,w)a, we have sup {S(f) : ρϕ,w(f) <∞} = sup {S(f) : f ∈ Λϕ,w \ (Λϕ,w)a, ρϕ,w(f) <∞}.
Notice that S(f) ≤ S(f)θ(f) since θ(f) ≤ 1. Therefore, taking into account that ‖S‖(Λ0ϕ,w)∗ ≤ ‖S‖(Λϕ,w)∗
in view of the inequality ‖ · ‖ ≤ ‖ · ‖0 and that ‖f‖ ≤ 1 if and only if ρϕ,w(f) ≤ 1, we obtain
‖S‖(Λ0ϕ,w)∗ ≤ ‖S‖(Λϕ,w)∗ = sup{S(f) : ρϕ,w(f) ≤ 1}
≤ sup {S(f) : ρϕ,w(f) <∞}
≤ sup
{
S(f)
θ(f)
: f ∈ Λϕ,w \ (Λϕ,w)a, ρϕ,w(f) <∞
}
≤ sup
{
S(f)
θ(f)
: f ∈ Λϕ,w \ (Λϕ,w)a
}
≤ ‖S‖(Λ0ϕ,w)∗ .

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3. Norm of bounded linear functionals
We need to recall first the Ko¨the associate space to an Orlicz-Lorentz space. For any non-negative
integrable function f ∈ L0 and 0 ≤ a < b <∞, denote F (a, b) =
∫ b
a f . Let h ∈ L
0 be non-negative and
locally integrable on I. Then the interval (a, b) ⊂ I is called a level interval of h with respect to the
weight w, if R(a, t) := H(a,t)W (a,t) ≤
H(a,b)
W (a,b) = R(a, b) for all a < t < b and R(a, b) > 0. In the case where
b = ∞, define R(a, b) = R(a,∞) = lim supt→∞R(a, t). If the level interval (a, b) is not contained in
a larger level interval, we say that (a, b) is a maximal level interval. Halperin’s level function of h,
denoted by h0, is defined as
h0(t) =
{
R(aj , bj)w(t) =
H(aj ,bj)
W (aj ,bj)
w(t), t ∈ (aj , bj) for some j,
h(t), t /∈ ∪j(aj , bj),
provided that each (aj , bj) is a maximal level interval. Similarly, for a non-negative sequence h =
(h(i)) ∈ l0 and a positive decreasing weight w = (w(i)), the interval (a, b] = {a + 1, a + 2, ..., b} is
called a level interval if r(a, j) = h(a,j)w(a,j) ≤
h(a,b)
w(a,b) = r(a, b) for every a+1 ≤ j ≤ b and r(a, b) > 0, where
h(a, j) =
∑j
i=a+1 h(i) and w(a, j) =
∑j
i=a+1 w(i). The level sequence h
0 is defined as
h0(i) =
{
r(aj , bj)w(i), i ∈ (aj , bj ] for some j,
h(i), i /∈ ∪j(aj , bj ],
where each (aj , bj ] is a maximal level interval. Letting h ∈ L
0 define Pϕ,w(h) = inf
{∫
I ϕ
(
|h|
v
)
v : v ≺ w
}
,
and then the spaceMϕ,w as the set of all h ∈ L
0 such that Pϕ,w(λh) <∞ for some λ > 0. By Theorem
4.7 in [11] we have Pϕ,w(h) =
∫
I ϕ((h
∗)0/w)w if ϕ is N -function. The Luxemberg norm and the Orlicz
norm for the modular Pϕ,w are defined as,
‖h‖Mϕ,w = inf{ǫ > 0 : Pϕ,w (h/ǫ) ≤ 1} and ‖h‖M0ϕ,w = infk>0
1
k
(1 + Pϕ,w(kh)),
respectively.
For h ∈ ℓ0, we define pϕ,w(h) = inf
{∑∞
i=1 ϕ
(
|h(i)|
v(i)
)
v(i) : v ≺ w
}
. The space mϕ,w is the set of all
h = (h(i)) such that pϕ,w(ηh) < ∞ for some η > 0. The Luxemburg norm and the Orlicz norm on
mϕ,w are given analogously as in function spaces where we replace Pϕ,w by pϕ,w.
From now on we denote byMϕ,w and mϕ,w the space equipped with the Luxemburg norm ‖ ·‖Mϕ,w
and ‖ · ‖mϕ,w respectively, and M
0
ϕ,w and m
0
ϕ,w the space equipped with the Orlicz norms ‖ · ‖M0ϕ,w
and ‖ · ‖
m
0
ϕ,w
respectively. All those spaces are rearrangement invariant Banach spaces [12].
Theorem 3.1 ([11], Theorems 2.2, 5.2). Let w be a decreasing weight and ϕ be an Orlicz N -function.
Then the Ko¨the dual space to an Orlicz-Lorentz space Λϕ,w (resp. Λ
0
ϕ,w) is expressed as
(Λϕ,w)
′ =M0ϕ∗,w (resp. (Λ
0
ϕ,w)
′ =Mϕ∗,w)
with equality of norms. Similarly in the sequence case we have
(λϕ,w)
′ = m0ϕ∗,w (resp. (λ
0
ϕ,w)
′ = mϕ∗,w)
with equality of norms.
Let X be an Orlicz-Lorentz function or sequence space equipped with either norm. Then, X∗ =
Xr ⊕Xs, where Xr is isomorphically isometric to its Ko¨the associate space X
′, and Xs = (Xa)
⊥.
Theorem 3.2. Assume ϕ is N -function. Let F be a bounded linear functional on Λϕ,w. Then
F = H+S, where H(f) =
∫
I fh for some h ∈M
0
ϕ∗,w, ‖H‖ = ‖h‖
0
Mϕ∗ ,w
, S(f) = 0 for all f ∈ (Λϕ,w)a,
and ‖F‖(Λϕ,w)∗ = ‖h‖
0
Mϕ∗ ,w
+ ‖S‖.
Proof. By Theorem 3.1 and the remark above, F = H + S uniquely, where H(f) =
∫
I hf for some
h ∈ M0ϕ∗,w with ‖H‖ = ‖h‖
0
Mϕ∗ ,w
, and S(f) = 0 for all f ∈ (Λϕ,w)a. Observe by Theorem 2.2 that
6 ANNA KAMIN´SKA, HAN JU LEE, AND HYUNG-JOON TAG
the norm of the singular functional ‖S‖ is the same under either the Luxemburg norm or the Orlicz
norm.
Clearly ‖F‖(Λϕ,w)∗ = ‖H + S‖(Λϕ,w)∗ ≤ ‖H‖(Λϕ,w)∗ + ‖S‖ = ‖h‖
0
Mϕ∗,w
+ ‖S‖. Now we show the
opposite inequality.
Let ǫ > 0 be arbitrary. From the definitions of ‖h‖0Mϕ∗,w and ‖S‖, we can choose f, g ∈ Λϕ,w with
‖f‖ ≤ 1, ‖g‖ ≤ 1 such that
(1) ‖h‖0Mϕ∗ ,w − ǫ <
∫
I
hf and ‖S‖ − ǫ < S(g).
We can assume that f is bounded. Indeed, let z ∈ SΛϕ,w be such that ‖h‖
0
Mϕ∗,w
− ǫ2 <
∫
I |hz|. Let
(zn)
∞
n=1 be a sequence of non-negative bounded functions with supports of finite measure defined on
[0, n) such that zn ↑ |z| a.e. Then,
∫
I |h||z| = limn→∞
∫
I |h|zn by the monotone convergence theorem,
which implies that for all ǫ > 0, there exists zn0 such that
∫
I |hz| −
ǫ
2 ≤
∫
I |h|zn0 . Hence,
‖h‖0Mϕ∗ ,w −
ǫ
2
−
ǫ
2
≤
∫
I
|hz| −
ǫ
2
≤
∫
I
|h|zn0 .
Let f = (sign h)zn0 . Thus, we found a bounded function f of support of finite measure such that
‖f‖ ≤ 1 and ‖h‖0Mϕ∗ ,w − ǫ <
∫
I hf .
Since H is a bounded linear functional on Λϕ,w, hf is integrable, so there exists δ > 0 such that for
every measurable subset E ⊂ I, with mE < δ, we have
(2)
∫
E
|hf | < ǫ.
Now, we show that there exist n ∈ N and a measurable subset E ⊂ I such that mE < δ and
(3)
∫
E
|hg| < ǫ,
∫ mE
0
ϕ(g∗)w <
ǫ
2
,
∫
I
ϕ((gχ[n,γ))
∗)w <
ǫ
2
, and
∫ γ
n
|hg| < ǫ.
Indeed, let En = {g
∗ > n} = [0, tn) and define g
∗
n = g
∗χ[0,tn). We see that g
∗
n ≤ g
∗ and g∗n ↓ 0 a.e., so
by the Lebesgue dominated convergence theorem, limn→∞
∫
I ϕ(g
∗
n)w = 0. This implies that for any
ǫ > 0, there exists N1 such that for every n ≥ N1,
(4)
∫
I
ϕ(g∗n)w =
∫
I
ϕ(g∗χ[0,tn))w =
∫ tn
0
ϕ(g∗)w =
∫ mEn
0
ϕ(g∗)w <
ǫ
2
.
Also, En+1 ⊂ En for all n ∈ N and m(∩En) = m{g
∗ = ∞} = 0. By continuity of measure,
0 = m(∩En) = limn→∞m{g
∗ > n}.
Since g ∼ g∗, we see that limn→∞m{|g| > n} = 0. The function hg is integrable, so we have
limn→∞
∫
{|g|>n} |hg| = 0. Then, there exists N2 such that
∫
{|g|>n} |hg| < ǫ for n ≥ N2. Since
ρϕ,w(g) < ∞, we choose sufficiently large n ≥ N = max{N1, N2} satisfying mEn = m{|g| > n} < δ,
supp f ∩ [n, γ) = ∅,
∫
I ϕ((gχ[n,γ))
∗)w < ǫ2 , and
∫
[n,γ) |hg| < ǫ. By letting E = {|g| > n} for such n,
we found n ∈ N and a measureable subset E ⊂ I satisfying (3). Note that supp f ⊂ [0, n) from the
construction.
Define
u(t) =


f(t), t ∈ G1 = supp f \E
g(t), t ∈ G2 = E ∪ [n, γ)
0, otherwise.
By the orthogonal subadditivity of the modular ρϕ,w, we have
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ρϕ,w(u) =
∫
I
ϕ(fχG1 + gχG2)
∗w ≤
∫
I
ϕ((fχG1)
∗)w +
∫
I
ϕ((gχG2)
∗)w
≤
∫ mG1
0
ϕ(f∗)w +
∫
I
ϕ(gχE + gχ[n,γ)\E)
∗w
≤
∫ mG1
0
ϕ(f∗)w +
∫
I
ϕ(gχE)
∗w +
∫
I
ϕ(gχ[n,γ)\E)
∗w
≤
∫ mG1
0
ϕ(f∗)w +
∫ mE
0
ϕ(g∗)w +
∫
I
ϕ(gχ[n,γ))
∗w
≤ 1 + ǫ,
which implies that ρϕ,w(
u
1+ǫ) ≤ 1, and so ‖
u
1+ǫ‖ ≤ 1. We see that S(fχG1) = 0 from f ∈ (Λϕ,w)a.
Also, gχG1 ∈ (Λϕ,w)a because mG1 = m(supp f \ E) ≤ m([0, n) \ E) < ∞ and g is bounded on G1.
This implies that S(gχG1) = 0. Hence, S(g) = S(gχG1) + S(gχG2) = S(gχG2). Moreover, from (3),
we have
∣∣∣∫E\[n,γ) hg∣∣∣ ≤ ∫E\[n,γ) |hg| ≤ ∫E |hg| < ǫ.
It follows that
(1 + ǫ)‖F‖ ≥ (1 + ǫ)F
(
u
1 + ǫ
)
= F (u) = F (fχG1 + gχG2)
=
∫
I
h(fχG1 + gχG2) + S((fχG1 + gχG2))
=
∫
I
hfχG1 +
∫
I
hgχG2 + S(fχG1) + S(gχG2)
=
∫
supp f\E
hf +
∫
E∪[n,γ)
hg + S(gχG2)
=
∫
I
hf −
∫
E
hf +
∫
E\[n,γ)
hg +
∫
[n,γ)
hg + S(g)
> ‖h‖0Mϕ∗ ,w − 2ǫ− 2ǫ+ S(g) (by (2) and (3))
> ‖h‖0Mϕ∗ ,w − 2ǫ− 2ǫ+ ‖S‖ − ǫ (by (1))
= ‖h‖0Mϕ∗ ,w + ‖S‖ − 5ǫ.
As ǫ→ 0, the proof is done. 
The sequence version below has analogous (simpler) proof so we skip it.
Theorem 3.3. Suppose ϕ is N -function and let F be a bounded linear functional on λϕ,w. Then
F = H + S, where H(x) =
∑∞
i=1 x(i)y(i), ‖H‖ = ‖y‖
0
mϕ∗,w
, S is a singular functional vanishing on
(λϕ,w)a and ‖F‖(λϕ,w)∗ = ‖y‖
0
mϕ∗,w
+ ‖S‖.
As a consequence of Theorems 3.2 and 3.3 we obtain the following result.
Corollary 3.4. If ϕ does not satisfy the appropriate ∆2 condition then the order-continuous subspaces
(Λϕ,w)a and (λϕ,w)a are non-trivial M -ideals of Λϕ,w and λϕ,w, respectively.
Recall [11, 12] that for an Orlicz N -function ϕ and h ∈ L0 we have
(5) Pϕ,w(h) = inf
{∫
I
ϕ
(
h∗
v
)
v : v ≺ w, v ↓
}
=
∫
I
ϕ
(
(h∗)0
w
)
w,
and that similar formula holds true for any sequence x ∈ ℓ0 [11]. Hence, we have
pϕ,w(h) =
∞∑
i=1
ϕ
(
(h∗)0(i)
w(i)
)
w(i).
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Consider the decreasing simple function h∗ =
∑n
i=1 aiχ(ti−1,ti) where a1 > a2 > · · · > an > 0 and
t0 = 0. Let H
∗(a, b) =
∫ b
a h
∗. By Algorithm A provided in [11], the maximal level intervals of h∗ are
of the form (tij , tij+1) where (tij)
l−1
j=0 is a subsequence of (ti)
n
i=1 with 0 = t0 = ti0 < ti1 < ... < til =
tn <∞. Then, we have
(6)
(h∗)0
w
=
∑l−1
j=0R(tij , tij+1)wχ(tij ,tij+1 )
w
=
l−1∑
j=0
R(tij , tij+1)χ(tij ,tij+1 ) =
l−1∑
j=0
H∗(tij , tij+1)
W (tij , tij+1)
χ(tij ,tij+1 ).
Observe that the sequence (R(tij , tij+1))
l−1
j=0 is decreasing since
(h∗)0
w is decreasing ([7], Theorem
3.6). Furthermore, we obtain
Pϕ,w(h) =
∫
I
ϕ

 l−1∑
j=0
H∗(tij , tij+1)
W (tij , tij+1)
χ(tij ,tij+1 )

w = l−1∑
j=0
ϕ
(
H∗(tij , tij+1)
W (tij , tij+1)
)
·W (tij , tij+1).
The next lemma is a key ingredient for computation of the norm of a bounded linear functional on
Λ0ϕ,w or λ
0
ϕ,w.
Lemma 3.5. Let h ∈ L0 be a non-negative simple function with support of finite measure. Then,
there exists a non-negative simple function v such that
Pϕ∗,w(h) =
∫
I
ϕ∗
(
h
v
)
v and
∫
I
ϕ
(
q
(
h
v
))
v =
∫
I
ϕ
(
q
(
h
v
)∗)
w.
The similar formula holds for modular pϕ∗,w(x) for any x ∈ ℓ
0.
Proof. Let h =
∑n
i=1 aiχAi with a1 > a2 > · · · > an > 0 and {Ai}
n
i=1 be a family of disjoint measurable
subsets of I with finite measure. Since h and h∗ are equimeasurable, we see that mAi = ti − ti−1 for
i = 1, . . . , n.
It is well known by [7] and [11] that each (ti−1, ti) is a level interval of h
∗, contained in at most one
maximal level interval (tij , tij+1) for some 0 ≤ j ≤ l − 1 [11]. So, for every j, we can see
m(tij , tij+1) = m(∪ij<i≤ij+1(ti−1, ti)) = m(∪ij<i≤ij+1Ai),
and this implies
(7) H∗(tij , tij+1) =
∫ tij+1
tij
h∗ =
ij+1∑
i=ij+1
∫ ti
ti−1
ai =
ij+1∑
i=ij+1
ai(ti − ti−1) =
∑
ij<i≤ij+1
aimAi.
By (6), we have
(h∗)0
w
=
l−1∑
j=0
∑
ij<i≤ij+1
H∗(tij , tij+1)
W (tij , tij+1)
χ(ti−1,ti) =

 l−1∑
j=0
∑
ij<i≤ij+1
H∗(tij , tij+1)
W (tij , tij+1)
χAi


∗
.
Hence, by right-continuity of q, we also have q
(
(h∗)0
w
)
= q
(∑l−1
j=0
∑
ij<i≤ij+1
H∗(tij ,tij+1 )
W (tij ,tij+1 )
χAi
)∗
. Let
v =
∑l−1
j=0
∑
ij<i≤ij+1
W (tij ,tij+1 )
H∗(tij ,tij+1 )
aiχAi . Then, q
(
(h∗)0
w
)
= q
(
h
v
)∗
. The functions h and v have the
same supports, so the quotient h/v is set to be zero outside of the supports of h and v.
Now, we compute
∫
I ϕ∗
(
h
v
)
v and
∫
I ϕ
(
q
(
h
v
))
v.
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∫
I
ϕ∗
(
h
v
)
v =
∫
I
ϕ∗


∑n
i=1 aiχAi∑l−1
j=0
∑
ij<i≤ij+1
W (tij ,tij+1 )
H∗(tij ,tij+1 )
aiχAi

 · l−1∑
j=0
∑
ij<i≤ij+1
W (tij , tij+1)
H∗(tij , tij+1)
aiχAi
=
l−1∑
j=0
∑
ij<i≤ij+1
∫
I
ϕ∗
(
H∗(tij , tij+1)
W (tij , tij+1)
)
·
W (tij , tij+1)
H∗(tij , tij+1)
aiχAi
=
l−1∑
j=0
ϕ∗
(
H∗(tij , tij+1)
W (tij , tij+1)
)
·
W (tij , tij+1)
H∗(tij , tij+1)
∑
ij<i≤ij+1
ai ·mAi
=
l−1∑
j=0
ϕ∗
(
H∗(tij , tij+1)
W (tij , tij+1)
)
·W (tij , tij+1) (by (7))
= Pϕ∗,w(h).
and
∫
I
ϕ
(
q
(
h
v
))
v =
∫
I
ϕ

q


∑n
i=1 aiχAi∑l−1
j=0
∑
ij<i≤ij+1
W (tij ,tij+1 )
H∗(tij ,tij+1 )
aiχAi



 · l−1∑
j=0
∑
ij<i≤ij+1
W (tij , tij+1)
H∗(tij , tij+1)
aiχAi
=
l−1∑
j=0
∑
ij<i≤ij+1
∫
I
ϕ
(
q
(
H∗(tij , tij+1)
W (tij , tij+1)
))
·
W (tij , tij+1)
H∗(tij , tij+1)
aiχAi
=
l−1∑
j=0
ϕ
(
q
(
H∗(tij , tij+1)
W (tij , tij+1)
))
·
W (tij , tij+1)
H∗(tij , tij+1)
∑
ij<i≤ij+1
ai ·mAi
=
l−1∑
j=0
∫
I
ϕ
(
q
(
H∗(tij , tij+1)
W (tij , tij+1)
))
· wχ(tij ,tij+1 ) (by (7))
=
∫
I
ϕ

q

 l−1∑
j=0
H∗(tij , tij+1)
W (tij , tij+1)
χ(tij ,tij+1 )



w
=
∫
I
ϕ
(
q
(
(h∗)0
w
))
w =
∫
I
ϕ
(
q
(
h
v
)∗)
w.

Now, we are ready to compute the norm of a bounded linear functional in Λ0ϕ,w.
Theorem 3.6. Let ϕ be an Orlicz N -function and F be a bounded linear functional on Λ0ϕ,w. Then
F = H+S, where H(f) =
∫
I fh for some h ∈Mϕ∗,w, ‖H‖ = ‖h‖Mϕ∗ ,w , S(f) = 0 for all f ∈ (Λϕ,w)a,
and ‖F‖ = inf{λ > 0 : Pϕ∗,w(
h
λ ) +
1
λ‖S‖ ≤ 1}.
Proof. Similarly as in Theorem 3.2, we have F = H+S, whereH(f) =
∫
I hf for some h ∈ Mϕ∗,w with
‖H‖ = ‖h‖Mϕ∗,w and S(f) = 0 for all f ∈ (Λ
0
ϕ,w)a in view of Theorem 3.1. Thus, we only need to show
the formula for ‖F‖. Without loss of generality, assume ‖F‖ = 1. Let f ∈ SΛ0ϕ,w . Since h ∈ Mϕ∗,w,
we have Pϕ∗,w(
h
λ ) < 1 for some λ > 0. So, we can choose λ > 0 such that Pϕ∗,w(
h
λ) +
1
λ‖S‖ ≤ 1. Let
k ∈ K(f). By Theorem 1.1.(3), 1 = ‖f‖0 = 1k (1+ ρϕ,w(kf)), and this implies that ρϕ,w(kf) <∞. For
every v ≺ w, v ↓, we have
1
λ
F (kf) =
1
λ
(∫
I
khf + S(kf)
)
≤
1
λ
(∫
I
kh∗f∗ + S(kf)
)
=
∫
I
kh∗f∗v
λv
+
1
λ
S(kf).
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By Young’s inequality, we see that
∫
I
kh∗f∗v
λv +
1
λS(kf) ≤
∫
I ϕ(kf
∗)v +
∫
I ϕ∗
(
h∗
λv
)
v + 1λS(kf). Since
by (5) this is for all v ≺ w, v ↓, and by Hardy’s lemma ([3], Proposition 3.6), we get
1
λ
F (kf) ≤
∫
I
ϕ(kf∗)v +
∫
I
ϕ∗
(
h∗
λv
)
v +
1
λ
S(kf) ≤ ρϕ,w(kf) + Pϕ∗,w
(
h
λ
)
+
1
λ
S(kf)).
Furthermore, S(kf) ≤ ‖S‖ because ρϕ,w(kf) <∞. Hence,
1
λ
F (kf) ≤ ρϕ,w(kf) + Pϕ∗,w
(
h
λ
)
+
1
λ
‖S‖ ≤ 1 + ρϕ,w(kf),
which implies that F (f) ≤ λ · 1k (1 + ρϕ,w(kf)) ≤ λ‖f‖
0 = λ. Since f and λ are arbitrary, we showed
that ‖F‖ ≤ inf{λ > 0 : Pϕ∗,w(
h
λ) +
1
λ‖S‖ ≤ 1}.
Now, suppose that
1 = ‖F‖ < inf{λ > 0 : Pϕ∗,w
(
h
λ
)
+
1
λ
‖S‖ ≤ 1}.
Then, there exists δ > 0 such that
Pϕ∗,w(h) + ‖S‖ > 1 + 3δ.
From Theorem 2.2, ‖S‖ = sup{S(f) : ρϕ,w(f) <∞}. So, there exists f ∈ Λ
0
ϕ,w such that ρϕ,w(f) <∞
and ‖S‖ < S(f) + δ. This implies that
Pϕ∗,w(h) + S(f) + δ > Pϕ∗,w(h) + ‖S‖ > 1 + 3δ,
and so
Pϕ∗,w(h) + S(f) > 1 + 2δ.
Without loss of generality, let h ≥ 0. Let (hn)
∞
n=1 be a sequence of simple functions with support
of finite measure such that hn ↑ h. By Lemma 4.6 in [12], we get Pϕ∗,w(hn) ↑ Pϕ∗,w(h). Hence, there
exists a non-negative simple function h0 with m(supph0) <∞ such that 0 ≤ h0 ≤ h a.e. and
Pϕ∗,w(h) < Pϕ∗,w(h0) + δ.
This implies that
Pϕ∗,w(h0) + S(f) > Pϕ∗,w(h) + S(f)− δ > 1 + 2δ − δ = 1 + δ.
Now, consider a function fn = fχ{ 1
n
≤|f |≤n}. The function |f − fn| ↓ 0 a.e. Hence, we have
(f − fn)
∗ → 0, and so ρϕ,w(f − fn) ↓ 0 by the Lebesgue dominated convergence theorem. Since
H is a bounded linear functional on Λ0ϕ,w, we have
∫
I |f − fn|h ≤
∫
I |f |h < ‖H‖‖f‖
0 < ∞, and so∫
I |f − fn|h→ 0. For δ > 0, there exists N0 such that for n ≥ N0, we have
ρϕ,w(f − fn) ≤ 1 and
∫
I
|f − fn|h <
δ
8
.
Let g1 = f − fn for some n ≥ N0. The function fn is bounded with support of finite measure since
supp fn ⊂ {|f | >
1
n} and m{|f | >
1
n} <∞. Thus, we have S(f) = S(g1) + S(fn) = S(g1) and
(8) ρϕ,w(g1) ≤ 1,
∫
I
|g1|h <
δ
8
, and Pϕ∗,w(h0) + S(g1) > 1 + δ.
Let v be the non-negative simple function constructed in Lemma 3.5 for h0. By Young’s equality,
we obtain
∫
I
q
(
h0
v
)
h0 =
∫
I
q
(
h0
v
)
h0
v
v =
∫
I
ϕ
(
q
(
h0
v
))
v+
∫
I
ϕ∗
(
h0
v
)
v =
∫
I
ϕ
(
q
(
h0
v
))
v+
∫
I
ϕ∗
(
h0
v
)
v.
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Let g2 = q
(
h0
v
)
. It is a simple function with support of finite measure, so g2 ∈ (Λ
0
ϕ,w)a. In view of
Lemma 3.5, we get
(9) Pϕ∗,w(h0) =
∫
I
ϕ∗
(
h0
v
)
v =
∫
I
q
(
h0
v
)
h0 −
∫
I
ϕ
(
q
(
h0
v
))
v =
∫
I
g2h0 −
∫
I
ϕ(g∗2)w.
The function g2h is integrable. So, there exists η > 0 such that for any measurable subset E ⊂ I
with mE < η, we have
∫
E |g2h| <
δ
2 . We will now show that for δ > 0, there exist n ∈ N and E ⊂ I
such that mE < η,
(10)
∫ mE
0
ϕ(g∗1)w <
δ
4
,
∫
E
|g2h| <
δ
2
, and ρϕ,w(g1χ[n,γ)) =
∫
I
ϕ((g1χ[n,γ))
∗)w <
δ
8
.
Let En = {g
∗
1 > n} = [0, tn). We see that g
∗
1χEn ≤ g
∗
1 for all n and g
∗
1χEn → 0 a.e. By the Lebesgue
dominated convergence theorem, for δ > 0, there exists N1 such that for all n ≥ N1,∫
I
ϕ(g∗1χEn)w =
∫ mEn
0
ϕ(g∗1)w <
δ
4
.
Since g1 and g
∗
1 are equimeasurable, we have m{|g1| > n} = m{g
∗
1 > n} = mEn for all n. Choose
n > N1 such that mEn < η, supph0 ∩ [n, γ) = ∅, and ρϕ,w(g1χ[n,γ)) =
∫
I ϕ((g1χ[n,γ))
∗)w < δ8 . Finally,
by letting {|g1| > n} = E for such n, we obtain n ∈ N and a measurable subset E ⊂ I satisfying (10).
Note that supph0 ⊂ [0, n).
Now, we define
u¯(t) =


g2(t), t ∈ A1 = supph0 \ E
g1(t), t ∈ A2 = E ∪ [n, γ)
0, Otherwise.
The function g1 is bounded on the set A
c
2. Moreover, A
c
2 is a subset of [0, n). So, g1χAc2 ∈ (Λ
0
ϕ,w)a,
and this implies that S(g1) = S(g1χA2). Since g2 is a simple function with support of finite measure,
S(g2χA1) = 0. By orthogonal subadditivity of ρϕ,w, we get
ρϕ,w(u¯) ≤ ρϕ,w(g2χA1) + ρϕ,w(g1χA2) ≤ ρϕ,w(g2χA1) + ρϕ,w(g1χE) + ρϕ,w(g1χ[n,γ)),
and by (10), we have
ρϕ,w(u¯) < ρϕ,w(g2χA1) + ρϕ,w(g1χE) +
δ
8
.
Hence, we see that
(11)
∫
I
u¯h+ S(u¯)− ρϕ,w(u¯) ≥
∫
A1
g2h+
∫
A2
g1h+ S(g1)− ρϕ,w(g2χA1)− ρϕ,w(g1χE)−
δ
8
.
Since g2 ≥ 0 and h ≥ h0 ≥ 0, we have∫
A1
g2h ≥
∫
A1
g2h0 =
∫
I\E
g2h0.
Also, in view of (8) and (10), we see that∫
A2
|g1h| <
∫
I
|g1h| <
δ
8
and
∫
E
g2h0 ≤
∫
E
g2h <
δ
2
.
Then, the inequality (11) becomes∫
I
hu¯+ S(u¯)− ρϕ,w(u¯) ≥
∫
I\E
g2h0 −
δ
4
+ S(g1)− ρϕ,w(g2χA1)− ρϕ,w(g1χE).
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Hence, we obtain∫
I
u¯h+ S(u¯)− ρϕ,w(u¯) ≥
∫
I\E
g2h0 −
δ
4
+ S(g1)− ρϕ,w(g2χA1)− ρϕ,w(g1χE)
≥
∫
I
g2h0 −
∫
E
g2h0 −
δ
4
+ S(g1)− ρϕ,w(g2)− ρϕ,w(g1χE)
≥
∫
I
g2h0 −
∫
E
g2h0 −
δ
4
+ S(g1)− ρϕ,w(g2)−
δ
4
by (10)
= Pϕ∗,w(h0)−
∫
E
g2h0 + S(g1)−
δ
2
by (9)
≥ Pϕ∗,w(h0)−
δ
2
+ S(g1)−
δ
2
> 1 + δ − δ = 1. by (8)
Finally, this implies that
1 = ‖F‖ ≥ F
(
u¯
‖u¯‖0
)
=
H(u¯) + S(u¯)
‖u¯‖0
=
∫
I u¯h+ S(u¯)
‖u¯‖0
>
1 + ρϕ,w(u¯)
‖u¯‖0
> 1,
which leads to a contradiction.

Next result is the sequence analogue of the formula for the norm of a bounded linear functional on
λ0ϕ,w.
Theorem 3.7. If ϕ is an Orlicz N -function and F is a bounded linear functional on λ0ϕ,w then
F = H + S, where H(x) =
∑∞
i=1 x(i)y(i), ‖H‖ = ‖y‖mϕ∗,w , S is a singular functional vanishing on
(λϕ,w)a and ‖F‖ = inf{η > 0 : pϕ∗,w(
h
η ) +
1
η‖S‖ ≤ 1}.
Contrary to Corollary 3.4 aboutM -ideals in the Orlicz-Lorentz spaces equipped with the Luxemburg
norm, we conclude this paper by showing that (Λ0ϕ,w)a and (λ
0
ϕ,w)a are not M -ideals in Λ
0
ϕ,w and λ
0
ϕ,w
respectively, if the Orlicz N -function ϕ does not satisfy the appropriate ∆2 condition.
Corollary 3.8. Let ϕ be an Orlicz N -function which does not satisfy the appropriate ∆2 condition.
Then the order-continuous subspaces (Λ0ϕ,w)a or (λ
0
ϕ,w)a are not M -ideals in Λ
0
ϕ,w or λ
0
ϕ,w, respectively.
Proof. We give a proof only in the case of function spaces. Let ϕ be an Orlicz N -function, which does
not satisfy the appropriate ∆2 condition. Then (Λ
0
ϕ,w)a is a proper subspace of Λ
0
ϕ,w, and in view of
Theorem 3.6 there exists S ∈ (Λ0ϕ,w)
∗ such that S 6= 0. So, choose S ∈ (Λ0ϕ,w)
∗ such that 0 < ‖S‖ < 1.
We show that there exist u > 0 and 0 < t0 < γ such that h = uwχ(0,t0) and ‖h‖Mϕ∗ ,w + ‖S‖ = 1.
Indeed choose u satisfying ϕ∗(u) > 1/W (γ), where 1/W (∞) = 0. Then
1
ϕ∗(u/(1−‖S‖))
< W (γ). Since
W is continuous on (0, γ), there exists 0 < t0 < γ such that W (t0) =
1
ϕ∗(u/(1−‖S‖))
. Let h = uwχ(0,t0)
for such u and t0. Clearly h is a decreasing function. Furthermore, the interval (0, t0) is its maximal
level interval since R(0, t) = uW (t)W (t) =
uW (t0)
W (t0)
= R(0, t0) = u for all 0 < t < t0, and R(0, t0) < R(0, t)
for γ > t > t0 . Hence
h0
w = uχ(0,t0), and so Pϕ∗,w(h) =
∫
I ϕ∗
(
h0
w
)
w = ϕ∗(u)W (t0). It follows that
‖h‖Mϕ∗ ,w = inf
{
ǫ > 0 : Pϕ∗,w
(
h
ǫ
)
≤ 1
}
= inf
{
ǫ > 0 : ϕ∗
(u
ǫ
)
≤
1
W (t0)
}
= inf
{
ǫ > 0 : ϕ∗
(u
ǫ
)
≤ ϕ∗
(
u
1− ‖S‖
)}
= inf{ǫ > 0 : ǫ ≥ 1− ‖S‖} = 1− ‖S‖.
Thus, we have ‖h‖Mϕ∗ ,w + ‖S‖ = 1, which implies that Pϕ∗,w(
h
1−‖S‖ ) ≤ 1. Now since ϕ is N -function,
ϕ∗ is also an N -function, and so ϕ∗ is not identical to a linear function ku for any k > 0. Hence for
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all u > 0, λ > 1 we have ϕ∗(λu) > λϕ∗(u). Therefore by
1
1−‖S‖ > 1,
1 ≥ Pϕ∗,w
(
h
1− ‖S‖
)
= ϕ∗
(
u
1− ‖S‖
)
W (t0) >
1
1− ‖S‖
Pϕ∗,w(h),
which shows that
(12) Pϕ∗,w(h) < 1− ‖S‖ = ‖h‖Mϕ∗,w .
On the other hand if we assume that (Λ0ϕ,w)a is an M -ideal of Λ
0
ϕ,w then, 1 = ‖H + S‖ = ‖h‖Mϕ∗ ,w +
‖S‖ ≥ Pϕ∗,w(h) + ‖S‖. It follows that Pϕ∗,w(h) + ‖S‖ = 1. Indeed, suppose that Pϕ∗,w(h) + ‖S‖ < 1.
Define g(λ) = Pϕ∗,w(λh)+λ‖S‖ for λ > 0. The function g is convex, g(0) = 0, and limλ→∞ g(λ) =∞.
Since g(1) = Pϕ∗,w(h) + ‖S‖ < 1, there exists
1
λ0
> 1 such that Pϕ∗,w
(
h
λ0
)
+ 1λ0‖S‖ = 1. But then,
from Theorem 3.6, we have 1 = ‖H + S‖ = inf{λ > 0 : Pϕ∗,w(
h
λ ) +
1
λ‖S‖ ≤ 1} > 1, which is a
contradiction.
However Pϕ∗,w(h) + ‖S‖ = 1 contradicts (12) and completes the proof.

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